Political Institutions and Sorting in a Tiebout Model
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We construct a computational model of Tiebout competition and show that po-
litical institutions differ in their ability to sort citizens effectively. In particular,

we find that certain types of institutions—those that become more

“politically

unstable’’ as citizen heterogeneity increases—perform relatively poorly given a
single jurisdiction, yet these same institutions perform relatively well when there
are multiple jurisdictions. We provide an explanation for this phenomenon which
draws upon simulated annealing, a discrete nonlinear search algorithm. (JEL

H21, H41)

Political or economic institutions are often
evaluated by their ability to structure micro-
level incentives to be in agreement with
macro-level goals (Thomas C. Schelling,
1978). In many important situations, micro-
level incentives are consistent with multiple
equilibria (Robert Axelrod and P. Scott
Bennett, 1993; Arthur DeVany, 1994), and
one role of institutions may be to steer agents
in the direction of configurations of highest ag-
gregate utility, or at least bias outcomes to-
ward better configurations. In this paper, we
compare the performance of three common
political institutions in a model of Tiebout
competition. We examine the ability of alter-
native political institutions to induce better
sorting of citizens among competing local ju-
risdictions, where better sorting means higher
aggregate utility among citizens. While the fo-
cus of this paper is on Tiebout models, the
underlying process we analyze—the decen-
tralized sorting of interacting individuals—is
of much broader interest, playing a role in la-
bor markets, industrial location, and coalition
formation.
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In a Tiebout model, local jurisdictions com-
pete for citizens by offering bundles of public
goods. Citizens then sort themselves among
jurisdictions according to their preferences.
Charles M. Tiebout’s (1956) original hypoth-
esis challenged Paul Samuelson’s (1954 ) con-
jecture that public goods could not be
allocated efficiently. The Tiebout hypothesis
has since been extended to include additional
propositions. Prominent among them is that
competition, as a result of enforcing effi-
ciency, renders local politics unimportant: a
jurisdiction able to attract and retain citizens
cannot waste resources (William H. Hoyt,
1990). This argument does not, however,
preclude the possibility that political institu-
tions may differ in their ability to sort citi-
zens according to preferences. In fact, we find
that important differences do exist among
institutions.

To analyze institutional differences, we con-
struct a computational Tiebout model. Using
the model we directly investigate the dynamics
of agent sorting in the context of institutional
arrangements that model existing political
structures. The focus on dynamics (as opposed
to final equilibrium states), and the use of in-
stitutions that resemble those actually em-
ployed (versus a fictional, profit-maximizing
entrepreneur ), distinguish our work from prior
research on the Tiebout hypothesis. The com-
putational approach complements existing ef-
forts by enabling us to study questions that are
currently unassailable if we require closed-
form, equilibrium solutions. We use compu-
tation as a way to guide and test our intuitions
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as to how these more complex systems
operate.

We find that significant differences arise in
the performance of different political institu-
tions. In the model, each political jurisdiction
confronts a finite number of issues, which
may be considered as either local policies or
public projects. Citizens have linearly separ-
able preferences over these issues, and they
choose to locate in the jurisdiction offering
the most attractive set of policies on the is-
sues. Jurisdictions decide policies using one of
three possible types of political institutions:
democratic referenda, direct competition, or
proportional representation. Like standard
Tiebout models, we find that, regardless of the
political institution employed, aggregate util-
ity increases with the number of jurisdictions.
However, quite unexpectedly, we also find that
institutions that perform relatively poorly in
the presence of a single jurisdiction perform
relatively well under multiple jurisdictions. In
fact, institutions characterized by higher de-
grees of ‘‘political instability’’ appear to in-
duce better sorting when multiple jurisdictions
are present.

We offer an explanation for this phenome-
non based on insights from the literature on
nonlinear search algorithms, specifically mod-
els of simulated annealing. The analysis sug-
gests that in order for political instability to
improve outcomes in a multiple-jurisdiction
environment, the degree of instability must be
positively correlated with the heterogeneity of
citizens’ preferences. Such a correlation al-
lows the system to break out of inferior con-
figurations and eventually stabilize on superior
ones.

The potential benefit of policy instability on
aggregate welfare is suggested by the follow-
ing simple example. Consider a situation in
which two towns must choose between either
allowing alcohol sales or being dry. There are
three citizens in each town, two of whom favor
having alcohol over being dry. Under majority
rule on the issue, both towns allow alcohol,
and no citizen wants to move. Clearly majority
rule prevents the symmetry from ever being
broken in the two towns. However, suppose
that one of the towns happens to become dry.
When this occurs, citizens immediately re-
sort, resulting in one town of four citizens that
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allows alcohol and one of two citizens that
does not. The policy instability has broken the
initial symmetry and leads to the creation of
an equilibrium configuration of the citizens
with a higher level of aggregate welfare.

Economic processes are often governed by
the decentralized sorting of agents, such as
buyers seeking sellers, workers looking for
employers, firms finding locations, and indi-
viduals forming coalitions. The existence of
multiple equilibria under decentralized sorting
suggests that the dynamics implied by alter-
native institutional arrangements may influ-
ence the final configuration of agents. We find
that certain institutions create conditions
under which the sorting of agents naturally
tends towards those equilibria with superior
configurations.

I. The Tiebout Hypothesis

This section briefly summarizes research
concerning Tiebout’s model and indicates how
our work departs from previous research.
Tiebout’s (1956) hypothesis is that local pub-
lic goods might be efficiently allocated if
agents can freely choose among alternative ju-
risdictions actively seeking citizens. The
Tiebout hypothesis has been investigated in
depth both theoretically and empirically.

The theoretical literature has uncovered
some problems with Tiebout’s argument, and
many theorists have clarified and extended
Tiebout’s original model. Truman F. Bewley
(1981) showed through a series of examples
that regardless of whether the costs of local
public goods are independent of, or propor-
tional to, the size of the local population, there
exist economies with equilibria that are not
Pareto optimal. In other words, the pure
Tiebout hypothesis does not hold. The exis-
tence of examples with suboptimal equilibria
is not sufficient to dispose with Tiebout’s the-
ory. More troubling is Bewley’s result that the
Tiebout hypothesis can be expected to hold
only when the number of jurisdictions is at
least as large as the number of citizens—a
rather unlikely situation. By relaxing some of
Bewley’s assumptions, efficient equilibria can
be generated more easily. One approach em-
ploys e-equilibrium as a proxy for moving
costs [see Myrma H. Wooders (1994) for an
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overview]. Other work (for example, Hideo
Konishi, 1996) has generated equilibrium
properties by assuming particular preferences
or a single political institution. There are also
models in which public goods suffer from dif-
ferential crowding (Eitan Berglas, 1976; John
P. Conley and Wooders, 1997), and models
with divisible land (Susan Rose-Ackerman,
1979). This paper departs from the existing
theoretical research by comparing the perfor-
mance of different political institutions in a
Tiebout setting.

The empirical literature on Tiebout [see
Keith Dowding et al. (1994) for a recent sur-
vey] has focused on a variety of questions,
including whether competition among juris-
dictions leads to efficiency, the impact of
bundles of local public goods on jurisdictional
choice, and the role of political institutions
in public goods provision. Empirical findings
concerning the first question are inconclu-
sive and appear to depend upon whether the
local jurisdictions are single or multipurpose
(Jeffrey S. Zax, 1989).' The analysis of how
bundles of public goods enter into jurisdic-
tional choice fall into macro- and micro-level
studies. In a number of cases using aggregate
data, fiscal differences among jurisdictions
have been shown to have a significant effect
on migration (Andrew Reschovsky, 1979).?
These studies find that fiscal factors play a
larger role in pushing people out of jurisdic-
tions than in pulling people into new jurisdic-
tions, which is not surprising given the
asymmetric information (William F. Fox et
al., 1989). Other studies rely on micro-level
survey data to examine the link between public
services and goods, and jurisdictional choice.
The findings in these studies are less conclu-
sive, although school quality and tax rates ap-
pear as significant in several studies (E. B.
Sharp, 1984; Stephen L. Percy and Brett W.
Hawkins, 1992; Percy, 1993). Finally, welfare

! Zax shows that the lowest levels of tax appears to be
paid when there is high fragmentation among multi-
purpose jurisdictions, low fragmentation of single-purpose
jurisdictions, and decentralized governments.

2Richard J. Cebula (1974) shows that welfare pay-
ments had a significant effect on interstate migration in
the United States from 1965-1970.
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policies across states in the United States do
seem to influence migration patterns of the
poor (Paul Peterson and Mark Rom, 1989).
The question of how political institutions in-
fluence public goods provision is perhaps the
most relevant to our analysis. Unfortunately,
with the notable exception of Thomas Romer
and Howard Rosenthal’s (1979) work on
school spending referenda, this area has not
been as widely investigated. Romer and
Rosenthal find that the reversion level (what
the policy will be if the referendum fails) in-
fluences the outcomes of referenda.

Our model departs from previous approaches
in several important respects. First, with a few
exceptions, our primary interest in comparing
the performance of political institutions has
been largely neglected in the Tiebout literature.
A typical Tiebout model takes the political in-
stitution, usually majority rule, as constant.
Here we vary institutions and measure perfor-
mance, an approach more consistent with the
literature on mechanism design. Second, aside
from an example used to demonstrate the an-
nealing phenomenon, we do not explicitly com-
pare equilibria. This decision stems partly from
a desire to avoid oversimplifying an already
stark model by making the restrictive assump-
tions necessary to guarantee the existence of
equilibria. It is also consistent with our empha-
sis on the dynamic nature of agent migration,
political responsiveness, and the production of
public goods. People may continue relocating
in response to changing policies, while local
policies shift, in turn, to changes in constitu-
encies. The system of policy choices by gov-
ernments and jurisdictional choices by citizens
can be viewed as a complex adaptive system in
which movements and policies are determined
by the preferences of citizens and the existing
political institutions. Some institutions may cre-
ate systems which settle quickly into equilib-
rium while others may never equilibrate.
Finally, our assumptions of how jurisdictions
make decisions differ from much of the previ-
ous literature. Rather than model political par-
ties as fully informed and optimizing, we rely
on an adaptive party model in which parties
gather information by taking polls, and decide
on platforms by using simple search heuristics
(John H. Holland and Miller, 1991; Kollman et
al., 1992).
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II. The Model

We construct a simple version of a Tiebout
world. Agents (citizens) seek their favorite lo-
cation from among a fixed set of jurisdictions
each of which offers a particular platform of
local public goods and policies. Each jurisdic-
tion’s platform is then determined by a polit-
ical institution that aggregates the preferences
of the agents currently residing in the jurisdic-
tion. Once new platforms are determined,
agents are allowed to move, and the above pro-
cess is iterated. Agents do not take into ac-
count the effects of their own movements on
future policies.

We assume a set of N, agents, each of whom
must reside in one of N; possible jurisdictions.
Within any jurisdiction, the local government
is obliged to decide positions on a set of N,
local public issues.® All jurisdictions must take
positions on each of the N, issues. For sim-
plicity we assume that all such positions are
binary. Examples of such issues include the
presence (or absence) of a public good (say a
community swimming pool) or policy (like
smoking in public buildings).* Let p;; € {Yes,
No } give the position of jurisdiction j on issue
i, and let a platform,P; € {Yes, No }", denote
the vector of decisions across all N, issues in
jurisdiction j. Finally, define a configuration
as a mapping of agents to jurisdictions.

Agents have linearly separable preferences
on the issues and their per unit value for each
issue lies in the interval [—400/N;, 400/N;]
distributed uniformly. Let v, give agent a’s
utility for issue i. If the project is undertaken,
then the agent obtains a utility of v,;, and if
the project is not undertaken, then the agent
obtains no utility. Thus, agent a’s utility from
P, is given by

* For convenience each agent, jurisdiction, and issue is
given an integer label on {1, ..., N, }, where k = a, j, and
i respectively.

* Although real-valued issues are often used in Tiebout
models (for example, jurisdictions differ in the amounts
of public goods or tax rates they offer ), using binary issues
simplifies the modeling of the requisite political institu-
tions. Experiments with real-valued versions of the model
under direct competition and proportional representation
indicate that our results appear robust to this change.
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Ni
ua(Pj) = .ZI Vai‘é(Pji),
where 6(Yes) = 1 and 6(No) = 0. A straight-
forward calculation verifies that the expected
value to an agent of an arbitrary platform
equals zero, and the expected value of her op-
timal platform equals 100.

A. Political Institutions

We compare three political institutions:
democratic referenda, direct competition, and
proportional representation.’ The simplified
versions of these institutions used in the model
attempt to capture the relevant features of each
institution without overly complicating the
analysis.

Democratic Referenda

We model democratic referenda as simple
majority rule on each issue.® Qur assumption
that there are no external effects between proj-
ects implies that sincere voting is a dominant
strategy for all agents within a given election.
The outcome of democratic referenda is the
median platform, P}, for the jurisdiction,
where pj = Yes if the number of agents in j
with v,; > 0 exceeds the number of agents in
Jj withv,; < 0; otherwise p’; = No. The median
platform maximizes aggregate utility in juris-
diction j if and only if on every issue the mean
and median agent values have identical signs.

* Democratic referenda are used by many cities and
states in the United States to decide particular policy is-
sues. National referenda were used by Norway and Great
Britain to decide whether or not to enter the European
Union, and Australia and several smaller European coun-
tries (including Switzerland, Denmark, and Ireland) reg-
ularly employ this institution on a national basis. Direct
competition (winner-take-all plurality voting) is used by
most major cities and all states in the United States to elect
executives (mayors and governors). Many countries, in-
cluding Canada, South Africa, and the United Kingdom,
also use direct competition to elect local and national lead-
ers. Proportional representation is widely used by most of
the world’s democracies. Proportional systems vary
greatly, but they all have the common feature of attempt-
ing to link legislative representation to proportionality of
the popular vote.

® In the case of a tie, we assume that the decision is No.
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Generally speaking, democratic referenda
adopt platforms of relatively high aggregate
utility given a group of agents.

Democratic referenda are relatively stable,
since the implied platform is unique and in-
dividual agents migrating into or out of a ju-
risdiction rarely change the platform. Suppose
that a single agent moving into a jurisdiction
prefers Yes on issue one. The only way that
she can change the decision on this issue is if
she is pivotal; that is, if prior to her moving,
an equal number of agents had positive and
negative values on the issue.

Direct Competition

We model direct competition as winner-
take-all plurality voting among parties advo-
cating different platforms. Under direct
competition, each agent votes for the party
proposing the platform that yields her the
highest utility, and the winning party wholly
implements its platform in the jurisdiction.

Direct competition may not be as stable as
democratic referenda. Even with the linearly
separable preferences considered here, policy
predictions under direct competition cannot be
guaranteed to produce unique solutions without
severe restrictions on preferences (Charles R.
Plott, 1967) —cycling is endemic to plurality
rule. Given the potential for cycling, various al-
ternative solutions have been proposed, includ-
ing the top-cycle set (Richard D. McKelvey,
1976), the uncovered set (McKelvey, 1986),
and the minmax set (Gerald H. Kramer, 1977).
Unfortunately, even these solutions often imply
disparate platforms or fail to narrow the potential
set of platforms.” The absence of a unique equi-
librium in direct competition for large classes of
preferences has led some to call into question
the effectiveness of democratic decision-making
(William Riker, 1982). For our purposes, pre-
dicting an exact platform is less important than
knowing the bounds on the set from which plat-
forms will be chosen. Here we rely on an adap-
tive party model (discussed below) in which

" For example, one can generate situations in which the
top-cycle set encompasses the entire platform space, while
the uncovered set—a refinement of the top-cycle set—
contains every platform except the median one.
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parties with incomplete information choose plat-
forms using simple search heuristics. The plat-
forms that emerge in the adaptive model often
correspond to the equilibria generated by the
mathematical solutions. Evidence from our ex-
periments suggests that when a single platform
is predicted using mathematical techniques, the
adaptive parties tend to find it within a few elec-
tions, while in situations where the formal pre-
dictions are set valued, the adaptive parties tend
to advocate platforms from within or near the
proposed solution set.

Proportional Representation

Under proportional representation each
agent votes for a single party, and each party
receives a number of seats in a decision-
making body proportional to its popular vote.
In our model we assume no distortion between
the percentage of the vote that a party receives
and the percentage of seats it obtains in the
legislature. In the model, once each party is
allocated seats, the final decision on each issue
is the weighted (by popular vote) sum of each
party’s platform position on each issue. In es-
sence, each party sincerely votes in a series of
referenda across the issues. For example, if a
party advocating the platform (Yes, No, Yes)
receives 18 percent of the popular vote, then
that party would vote Yes, No, and Yes on the
first, second, and third issues respectively, and
these three votes would each be assigned a
weight of 0.18. The final decision on each is-
sue equals Yes if the total weight of all parties
in the jurisdiction advocating Yes exceeds 0.5
and No otherwise.® We assume that agents
vote sincerely, although we discuss the issue
of strategic voting at the end of the paper.’

Although not reported here, we also ex-
perimented with a version of proportional

8 These assumptions do not preclude a party that re-
ceives a small percentage of the vote from having sub-
stantial power.

% In elections with more than two parties, a voter may
have an incentive to act strategically. Suppose that a voter
with ideal platform (Yes, No, No) is given a choice be-
tween the platforms (No, No, No) and (Yes, Yes, Yes),
and given this choice she would pick (No, No, No). If the
weighted vote on Yes for the first issue is close to 0.5 and
significantly below 0.5 on the second and third issues, then
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representation that relied on a Borda-like
weighting scheme. In this version, an agent
was allowed to allocate m — 1 votes to her
favorite party, m — 2 to her next favorite, and
so on, where m is equal to the number of par-
ties on the ballot. The number of seats used in
the final weighting was then set to the propor-
tion of votes received by each party. We found
that such a system often leads to superior out-
comes, most likely due to its ability to convey
intensity of preferences among the electorate.
Nonetheless, given the relative lack of real
world examples of such a system (Australia
and Ireland do rely somewhat on related sys-
tems), and our desire to simplify the presen-
tation, we do not report the results.

Under direct competition and proportional
representation there is the potential for more
than two parties. Note that proportional rep-
resentation and direct competition lead to
identical outcomes when there are only two
parties in the system, since under proportional
representation the party with the majority of
votes will be able to impose its entire platform.
As the number of parties increases above two,
the platform used in a jurisdiction may differ
between the two institutions if no party re-
ceives more than half the vote, since platforms
other than the winning party’s will affect the
final policy decisions under proportional rep-
resentation. In our model we assume that the
number of parties is given exogenously. While
party formation is of theoretical and practical
importance, we leave the analysis of this pro-
cess to future research.

B. Adaptive Parties

As discussed above, mathematical models
of party behavior may not adequately restrict
the set of potential platforms. To overcome
this problem, we use a model developed by
Kollman et al. (1992) in which parties adapt
platforms using search heuristics applied to
polling information. In this model, parties

the voter may gain by choosing the party advocating the
(Yes, Yes, Yes) platform.
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adaptively search for new platforms in an at-
tempt to increase the number of votes they re-
ceive in an election. We can use the model to
explore the influence of the platform-selection
process on the final equilibrium state achieved
by the system.

Parties in our model are incrementally adap-
tive and incompletely informed. This contrasts
with standard rational choice approaches in
which parties are either completely informed
optimizers (with knowledge of each voter’s
utility function) or act as Bayesians. In reality,
practical considerations impose restrictions on
a party’s computational ability, the amount
and type of information it has access to, and
on the maximum allowable policy change it
can make in any one election. For example,
parties rely on imperfect and imprecise polling
data to gather information about voters’ pref-
erences, and must restrict platform changes
from year to year to maintain both credibility
and a coherent organization.

From our perspective, no single model of
party behavior is likely to be accurate. Com-
putational modeling grants us the flexibility to
consider various types of behavior and to learn
which findings are particular to the assumptions
and which are generic. We initially used three
alternative adaptive algorithms: random search,
hill-climing, and genetic algorithms. In all of
these methods parties attempt to improve the
number of votes their platforms receive by
adaptively generating new platforms. In ran-
dom search, a party first generates a set of ran-
dom new platforms constrained to be close to
its current platform, and then adopts the best
one. In hill-climbing (discussed in further detail
below), a party generates a new random plat-'
form near its current platform, and keeps the
better of the two (of course, this may imply that
its current platform remains unchanged). This
procedure is then iterated for a fixed number of
steps. Finally, genetic algorithms (Holland,
1975) generate new platforms from a biased
(by performance) set of old platforms via some
simple platform formation operators (Kollman
etal., 1992). Our findings suggest that few im-
plications depend significantly on the heuristic
used by parties, provided the parties are neither
omniscient nor dim-witted. Thus, in the exper-
iments presented here we only report the results
from hill-climbing.
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Our actual hill-climbing procedure works as
follows. A randomly generated current plat-
form is given to each party prior to any elec-
tions. When a party is given a chance to adapt,
it first generates a new platform by randomly
perturbing its current platform on up to three
issues. Thus, the new platform is constrained
to lie in a neighborhood of the current one. If
the new platform yields a higher vote total, it
becomes the party’s current platform; other-
wise the current platform remains unchanged.
This search process continues for eight itera-
tions. Hill-climbing always bases its search on
the current best-known platform.'* After the
eighth iteration, another party is given a sim-
ilar chance to adapt. After each party adapts,
we return to the first party and begin a new
cycle of adaptation. In the work reported here,
five such cycles are allowed. At the end of
these five cycles, an election is held in which
each party proposes its current platform.

IT1. The Computational Model

In this section, we describe findings from
computational experiments on Tiebout com-
petition. Computational findings can be partic-
ular to the parameter values selected, so we
have endeavored to test many sets of param-
eter values, and the results reported below ap-
pear to be robust to reasonable variations. For
these experiments, we used 1,000 agents (cit-
izens) and 11 binary issues.

A. Sequence of Events

The computational model begins by ran-
domly creating preferences for each agent, and
then randomly assigning each agent to a juris-
diction. Next, a series of ten Tiebout cycles is
initiated. In each cycle, agents are first allowed
to relocate. Following standard Tiebout mod-
els we assume that an agent moves to the ju-
risdiction providing her the highest utility.'

' Unlike random search, which first generates the set
of new platforms (all based on the same current platform),
and then selects the best one.

'""If two or more jurisdictions have identical payoffs,
the agent stays in her current location if it is one of these
jurisdictions or, if not, moves to the jurisdiction with the
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TABLE 1—SINGLE JURISDICTION: PER CAPITA UTILITY
AFTER TEN ELECTIONS (200 TRIALS)

Per
capita
Institution utility  (s.e.)
Democratic referenda 2.69 (0.12)
Direct competition (2 parties) 1.45 (0.13)
Direct competition (3 parties) 0.67 (0.13)
Direct competition (7 parties) 0.33 (0.13)
Proportional representation (3 parties) 1.33 (0.13)
Proportional representation (7 parties) 1.36 0.13)

The next step in the cycle is to allow each ju-
risdiction to alter its platform. Under demo-
cratic referenda, each jurisdiction adopts the
median position on each issue. With direct
competition and proportional representation,
parties alternate adapting their platforms via
the hill-climbing algorithm discussed above.
We find that the configuration of agents and
party platforms in our model typically settle
down by the end of ten Tiebout cycles. Dem-
ocratic referenda almost always settle into an
equilibrium within about four cycles. The
other institutions often achieve a steady state
by the end of ten cycles, and even when this
is not the case, they rarely show any significant
increases in aggregate utility after this time.
The primary focus of the analysis is on the
per capita utility of the citizens at the end of
the tenth Tiebout cycle. Recall that each agent
has an expected payoff of zero from a random
platform and 100 from an ideal one. The stan-
dard errors reported in the tables are the stan-
dard errors of the estimate within a given cell.

B. Single-Jurisdiction Findings

The findings for a single-jurisdiction model
are given in Table 1. Regardless of the institu-
tion, the final platforms provide significantly
more utility than randomly generated platforms.

I3

lowest
address).

address’’ (each jurisdiction is given a unique
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TABLE 2—MULTIPLE JURISDICTIONS: PER CAPITA UTILITY AFTER TEN ELECTIONS (200 TRIALS)

3 7 11
Institution jurisdictions (s.e.) jurisdictions (s.e.) jurisdictions (s.e.)
Democratic referenda 34.39 (0.15) 48.29 (0.13) 55.46 (0.12)
Direct competition (2 parties) 34.15 0.149) 49.90 (0.13) 57.03 (0.13)
Proportional representation (3 parties) 35.56 (0.11) 51.80 (0.12) 58.93 (0.12)

Democratic referenda provide the highest ag-
gregate utility, followed by two-party direct
competition (and two-party proportional rep-
resentation '?), and seven- and three-party
proportional representation. Democratic ref-
erenda result in median platforms, which,
given our assumptions on the distribution of
preferences, provide nearly maximal utility in
a single jurisdiction. Under adaptive parties,
the dynamics depend on the number of parties
in the system. With only two parties, regions
of the platform space that produce relatively
high aggregate utility are quickly located by
both parties. Once found, the parties tend to
wander within these regions, often alternating
which party carries the majority. Thus, we find
relatively good performance under two-party
institutions, with some diminution over de-
mocratic referenda due to the search process.

With more than two parties the dynamics
are more complex. In these systems, parties
initially tend toward a high utility region of the
platform space, but once this occurs, single-
party transients away from this region are
common —if the other parties are closely
clustered, then a single party may find increas-
ing support if it moves away from the cluster
and toward more extreme voters. The presence
of transients and the likelihood that such ex-
treme platforms will win increases with the
number of parties in the system. Under direct
competition this has a detrimental effect on ag-
gregate utility, since the winning party imple-
ments its entire platform ( this explains the low
values observed under three- and seven-party

'2 The values for two-party proportional representation
are not shown in the tables, but they are indistinguishable
from those for two-party direct competition.

direct competition). Under proportional rep-
resentation, however, the platform imple-
mented by a jurisdiction usually does not
belong to a single party, but rather is decided
by weighted majority rule. This weighting pro-
cess mitigates the impact of extreme parties.
Note that as the number of parties increases
under proportional representation, each agent
is able to pick a party that advocates a platform
near her own utility-maximizing platform, and
thus proportional representation will begin to
approximate democratic referenda.

C. Multiple Jurisdictions

With multiple jurisdictions agents can begin
to sort according to their preferences. As long
as jurisdictions are responsive to constituen-
cies, aggregate utility should be nondecreasing
in the number of jurisdictions, and will likely
increase as multiple jurisdictions are better
able to sort agents by preferences. Table 2
presents findings from models with 3, 7, and
11 jurisdictions." For all institutions consid-
ered, per capita utility increases with the num-
ber of jurisdictions. The addition of even a few
jurisdictions allows a dramatic increase in util-
ity. While the increase in utility was expected,
what was not anticipated was that the perfor-
mance of the various political institutions
completely reverses. Democratic referenda,
which were best in the one-jurisdiction model,
are now worst, while proportional representa-

"* To simplify the subsequent discussion, we will only
focus on the institutions of democratic referenda, two-
party direct competition, and three-party proportional rep-
resentation. These institutions are representative of the
broader set of institutions used in the single-jurisdiction
analysis.
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TABLE 3—AGENT PREFERENCES

Agent Issue 1 Issue 2 Issue 3

1 +1 +1 +1

2 +1 -1 +0.5
+1 +0.5 -1

4 +1 -1 -1

5 +1 -1 -1

6 -1 -0.5 -1

7 -1 +0.5 -1

8 -1 +0.5 -1

tion now performs best. With seven or more
jurisdictions, three-party proportional repre-
sentation is significantly better than two-party
direct competition, which is significantly
better than democratic referenda.

A full explanation of this performance re-
versal is left for the next section of the paper.
Intuitively, the reversal is linked to the effec-
tiveness of different institutions in sorting
agents across jurisdictions. An institution like
democratic referenda leads to very stable plat-
forms and little sorting among the agents,
while the instability of the platforms induced
by proportional representation is such that low
utility configurations of agents are easily dis-
rupted. If platform instability is directly related
to agent heterogeneity, then the system will
naturally lead to configurations of high aggre-
gate utility —configurations of agents that
have relatively low aggregate utility are asso-
ciated with high agent heterogeneity, and
therefore are likely to lead to unstable plat-
forms, which in turn cause agent migration.
Eventually, as agents become better sorted,
platform stability ensues, migration ceases,
and equilibrium is achieved.

IV. The Power of Political Instability

In this section, we discuss how political in-
stability may permit greater sorting of citizens
and therefore be beneficial in a model of
Tiebout competition. The argument hinges on
the relationship between the level of political

KOLLMAN ET AL.: SORTING IN A TIEBOUT MODEL 985

instability within jurisdictions and the degree
of heterogeneity of preferences at each juris-
diction. At present we do not have analytic
proofs for many of the these ideas. What fol-
lows is an informal explanation of our results,
supported by evidence derived from the
model. While mathematically derived results
may be possible, such results may be difficult
to obtain even in a much simplified model. We
believe, however, that the lack of sufficient
mathematical tools should not preclude anal-
ysis. In fact, results from our computational
analysis should provide insights into how
more formal proofs might proceed.

A. An Example

At the beginning of the paper we presented
an example concerning alcohol policies in two
small towns. Recall that policy instability in
the system breaks the symmetry of an inferior
equilibrium and results in an improved sorting
of agents. Here we provide a more precise ex-
ample that shows how two-party direct com-
petition may be preferred to democratic
referenda in a multiple-jurisdiction model.

In Table 3 we list the utility values for each
of eight agents across three issues. Let a
Tiebout equilibrium with respect to an insti-
tution exist when in each jurisdiction the cur-
rent platform is consistent with the political
institution and no agent wants to relocate
(where consistency implies that the institution
could have generated the observed platform
given the agents in the jurisdiction). To sim-
plify the discussion, we assume that for two-
party direct competition any platform within
the top-cycle set is consistent.'* Note that un-
der this assumption, a platform in a jurisdic-
tion may be overturned for two reasons: either
it is defeated by another platform in the top-
cycle set, or agent migration alters underlying
voter preferences in the jurisdiction to such a
degree that a new top-cycle set emerges.

First, consider a jurisdiction containing
the first three agents. If the institution is

' A platform belongs to the top-cycle set if it could be
victorious over any other possible platform via some se-
quence of pairwise elections.
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democratic referenda, then the platform will
be (Yes, Yes, Yes), and the aggregate utility
will be 4.0. In this jurisdiction, the platforms
(Yes, Yes, Yes), (Yes, Yes, No), (Yes, No,
Yes), and (Yes, No, No) are all members of
the top-cycle set. The aggregate utilities from
these platforms are 4.0, 3.5, 3.5, and 3.0 re-
spectively. If we assume that the platform re-
sulting from two-party direct competition is
randomly chosen from this set, then demo-
cratic referenda are preferred to direct com-
petition on utility grounds.

Now, suppose we add a second jurisdiction
that contains agents 4—8. In this jurisdiction,
democratic referenda will lead to (No, No,
No). It is easy to show that no agent wants to
relocate between the two jurisdictions under
democratic referenda, and therefore this con-
figuration is a Tiebout equilibrium with re-
spect to this institution. A simple calculation
shows that the aggregate utility in this equilib-
rium equals 4.0.

However, the above equilibrium is not nec-
essarily stable under two-party direct compe-
tition. In two-party direct competition the
platform (Yes, Yes, Yes) can be defeated by
(Yes, No, No) in the first jurisdiction. Note
that this new platform lowers the aggregate
utility of the first group from 4.0 to 3.0. Under
the new platform, agents 4 and 5 will now
move from the second jurisdiction into the
first, and (Yes, No, No) becomes the only
member of the new top-cycle set in this juris-
diction. Without agents 4 and 5, (No, Yes, No)
becomes the only member of the second juris-
diction’s top-cycle set. It is straightforward to
show that this new configuration of agents is
a Tiebout equilibrium with respect to two-
party direct competition (as well as demo-
cratic referenda). More importantly, the
aggregate utility of this new configuration
equals 5.5.

This example demonstrates how with mul-
tiple jurisdictions, the lack of a unique out-
come from direct competition may induce
sorting and increase aggregate utility. Like the
example in the introduction of this paper, this
increase in utility requires a temporary de-
creasb of utility in a given jurisdiction in order
to induce agent migration. However, the mi-
gration eventually leads to a higher aggregate
utility for the overall system.
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B. Insights from Simulated Annealing

To provide intuition for our computational
results and the examples presented above, we
apply insights from the literature on sirmulated
annealing, a nonlinear optimization algorithm.
Simulated annealing is a sequential search al-
gorithm applied to a real-valued function, f. In
simulated annealing, a neighborhood structure
on the domain is first created. Each point, x,
in f’s domain belongs to a neighborhood,
N(x), which contains at least one point dif-
ferent from x. Similar to hill-climbing, at each
step simulated annealing randomly chooses a
new point in the neighborhood of the status
quo point and makes that new point the status
quo if it has a higher value under f. Where
simulated annealing differs from hill-climbing
is that it may also move to new points that have
lower values. This occurs with a probability
that depends on the difference in the function
values, A(x, £) = f(x) — f(£), and a temper-
ature, T(t), which is a decreasing function of
the time spent searching, ¢. Formally, if x is
the status quo point and X is a randomly chosen
neighboring point of lower value, the proba-
bility of accepting this new point as the status
quo is:

p(-xa -fa t) = e-A(Xj)/T(t)-

Note that inferior points are more likely to
be accepted when the temperature is high or
the value of the inferior point is close to the
status quo. If the difference in function values,
A(x, %), is large relative to the temperature,
T(t), then the probability of acceptance is low.
The temperature can be interpreted as the de-
gree of leniency: high temperatures allow for
almost any new point to be accepted, while
low ones allow for a new point to be accepted
only if the loss in value is small. The temper-
ature decreases to zero according to an an-
nealing schedule. As the temperature nears
zero, only increasing moves are accepted, and
search converges to a local optimum with re-
spect to the neighborhood structure.

A substantial body of theory exists to ex-
plain the performance of simulated annealing.
Bruce Hajek (1988) has shown that given any
function there exists an annealing schedule
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such that the simulated annealing procedure
converges to the global optimum.'®> To some
extent these results are misleading, as the
proofs, whether relying on Markov chain the-
ory or real analysis, require that every point in
the domain be evaluated. This obviously begs
the question of why simulated annealing
should be preferred over exhaustive search. In
practice, even though simulated annealing of-
ten fails to locate the global optimum, it has
been shown to be very effective at locating
good solutions with relatively few searches.

A promising line of inquiry into the per-
formance of simulated annealing analyzes
the structure of the function’s local optima.
Consider search via a hill-climbing algo-
rithm. Given a neighborhood structure, each
local optimum has a basin of attraction de-
fined by all those points that are located
“‘down the hill”’ from the optimum. The
larger a local optimum’s basin of attraction,
the more likely search ends at that optimum.
Simulated annealing performs better on
those functions with positive correlations
between the values of local optima and the
sizes of their associated basin of attraction.
On such functions, local optima with rela-
tively low values, and therefore small basins
of attraction, are more likely to be rendered
unstable by .the noise from the annealing
schedule. In effect, the mistakes due to the
temperature smooth over the lesser-valued
optima, and eventually, the high-valued
optima—with large basins of attraction—
become inescapable as the temperature tends
to zero. In such spaces, simulated annealing
performs ‘‘as if ’’ it can recognize whether
a local optimum’s value was relatively high
or low, escaping lower-valued optima in fa-
vor of higher-valued ones (Page, 1996).

In relating these insights to the performance
of political institutions in a Tiebout model, we
find strong, though not exact, connections.
Consider a set of platforms across all juris-
dictions, and the corresponding configuration
of agents each attracts, as a point in the do-
main of the aggregate utility function. A
neighborhood of such a point could consist of

'S Similar results can be found in a special issue of Al-
gorithmica (1991) dedicated to simulated annealing.
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all platforms (along with their corresponding
reconfiguration of agents) that are located
within a fixed distance (according to some
metric) of the given set of platforms.

For explanatory purposes, we restrict the
discussion to two political institutions: demo-
cratic referenda and two-party direct com-
petition. Previously we have shown that
democratic referenda yield a unique platform
in each jurisdiction and that direct competition
offers less stability since it may alternate plat-
forms from among those available in the top-
cycle set. We can interpret this instability as
making mistakes, in the sense that the plat-
forms chosen by direct competition typically
have lower utility than the median platforms
generated by democratic referenda. As was
demonstrated above, these mistakes can be
fortuitous in the long run, as they allow the
system to break out of old equilibrium and to
form new configurations of agents that pro-
mote the creation of new, utility-improving
equilibria.

Of course, the presence of instability by it-
self is insufficient to lead to higher equilibria
since it will disrupt, as well as find, good equi-
libria. Therefore, to account for the increase in
performance we observe in our model, the in-
stability must be systematically tied to the ag-
gregate utility of the various equilibria.

We propose that, like simulated annealing,
institutions that make more mistakes in rela-
tively low-valued configurations will enable
the system to act ““as if *’ it recognizes the po-
tential value of a local optimum and to escape
inferior equilibria. Two characteristics of our
model generate this fortuitous bias in error-
making. First, aggregate utility for a configu-
ration of agents is positively correlated with
the homogeneity of preferences at each juris-
diction. Second, the instability of direct com-
petition is linked to the heterogeneity of
preferences in a jurisdiction.'® Combining
these two effects, if agents in a configuration
are not very homogeneous at each jurisdic-
tion, aggregate utility will be low, and direct
competition will generate new platforms

'¢ McKelvey (1986) has shown in a mathematical
model that the size of the uncovered set decreases with
the level of symmetry of preferences.
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TABLE 4—AVERAGE NUMBER OF AGENT RELOCATIONS PER TRIAL (50 TRIALS)

3 7 11
Institution jurisdictions (s.e.) jurisdictions (s.e.) jurisdictions (s.e.)
Democratic referenda 864.16 (17.24) 863.2 (10.41) 887.3 (5.26)
Direct competition (2 parties) 915.68 (14.67) 1162.5 (8.63) 1293.7 (7.13)
Proportional representation (3 parties) 1277.60 (34.41) 1371.06 (25.75) 1420.28 (21.74)

which render the existing configuration
unstable. If, however, the agents in a config-
uration are homogeneous at each jurisdiction,
aggregate utility will be high and platforms
will be stable. Thus, Tiebout equilibria with
respect to direct competition are biased to-
wards those platforms and agent configura-
tions with higher aggregate utility.

To test these ideas, we turn to our compu-
tational model. If instability in the better per-
forming institutions induces superior sorting,
then we should observe significantly more re-
locations of agents under the better institu-
tions. Table 4 shows the average number of
agent relocations observed during each ten-
cycle trial. As predicted, the performance of a
given institution is closely tied to the number
of relocations observed. Comparing Tables 4
and 2, relocations correlate positively with ag-
gregate utility in multiple jurisdictions.

A more direct test of the sorting abilities of
each institution is to measure the variance of
the agent preferences within each jurisdiction
or of the platforms across all jurisdictions.
The former measurement indicates that demo-
cratic referenda result in the most preference
variance, followed by two-party direct com-
petition, and then three-party proportional rep-
resentation. The results on platform variation
are given in Table 5. In this table we report
the average percentage of issues on which the
platforms from two different jurisdictions dif-
fer (thus, if the platforms differ on exactly
three issues, their value is 7 or 28 percent).
In all cases, proportional representation results
in the most heterogeneous platforms across ju-
risdictions, followed by direct competition,
and democratic referenda respectively. These
rankings correspond with the rankings of ag-
gregate utility and the number of relocations.
More relocations and greater platform hetero-

geneity imply better sorting and, therefore,
higher aggregate utility. Note that average
platform heterogeneity decreases as the num-
ber of jurisdictions increases —this must occur
since as the number of jurisdictions increases,
the maximal possible average heterogeneity
must decrease (two platforms may differ
across all issues, but it is impossible for three
platforms to each differ across all positions
from the other two). In general, as the number
of jurisdictions increases the average hetero-
geneity decreases as the space of possible plat-
forms becomes more crowded.

Much of our argument as to performance
differences among institutions requires that
platforms need to be less stable as agent pref-
erences become more heterogeneous. We test
whether this in fact occurs by creating popu-
lations of agents with varying degrees of het-
erogeneity, and then measure the number of
platform changes. To vary population hetero-
geneity, each agent’s ideal point is made a
convex combination of a base preference,
common across all agents, and an individual
preference:

(1 — 0)- base + 6 individual

where the individual and base preference were
drawn from the same preference distribution
used in the original model. We refer to 6 as
the degree of heterogeneity.

The results of a one-jurisdiction model with
250 agents are given in Table 6. The restriction
to one jurisdiction guarantees that none of the
changes in platforms are attributable to agent
migration. We vary 6 between 0.5 and 1.0.
Values of 6 below this range create agents
whose preferences are too homogeneous: al-
most all have the same preferred platform. The
findings are from 50 series of 10 elections, and
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TABLE 5—AVERAGE DISTANCE BETWEEN PLATFORMS (50 TRIALS)
3 7 11
Institution jurisdictions (s.e.) jurisdictions (s.e.) jurisdictions (s.e)
Democratic referenda 61.58 (0.84) 51.64 (0.32) 50.76 (0.23)
Direct competition (2 parties) 65.21 0.41) 53.96 0.23) 52.26 0.13)
Proportional representation (3 parties) 66.67 (0.36) 56.12 (0.15) 53.32 (0.09)

flips equals the average number of issues that
change on the platform during each election.

Democratic referenda have no flips across
all degrees of heterogeneity since the lack of
agent migration implies the identical median
platform during all time periods. For the other
institutions we find, as expected, that the av-
erage number of flips increases with the degree
of heterogeneity. These findings strongly sup-
port our hypothesis that as preferences in a ju-
risdiction become less homogeneous the
propensity for platform instability increases.

An additional test to support our annealing
hypothesis is whether the introduction of an
annealing process could improve the perfor-
mance of democratic referenda. We create an-
nealing in this situation by randomly forcing
agents to move to suboptimal jurisdictions
during each Tiebout cycle. Over time, we
lower the probability of suboptimal moves to
create an annealing effect. For example, we set
the initial probability of moving to a subopti-
mal jurisdiction at 5 percent and decrease this
probability by 5 percent each period. When we
do this, the average utility significantly in-
creases in almost all cases. Even though the
utility increases, it does not achieve the level
attained under the other two institutions—
perhaps reflecting the crudeness of this process
relative to mechanisms that are more respon-
sive to the local conditions in each jurisdiction.
Nonetheless, this experiment indicates that di-
rect annealing can improve the outcome of
democratic referenda.

The computational evidence strongly sup-
ports our hypotheses that: (1) annealing can
improve aggregate utility in these systems by
insuring better sorting of agents, and (2) that
institutions vary in their ability to anneal the
system. Although instability or noise may help
break a system out of an inferior equilibrium,

it does not, in and of itself, guarantee that bet-
ter equilibria will be selected. For this to occur,
the noise must be reduced as the system con-
verges on superior outcomes. While in general
this may require some global knowledge of the
objective function or some exogenous control
factor, here decentralized institutions can
achieve this end by linking instability to the
degree of heterogeneity present in the local ju-
risdiction. Of course, this property was not ex-
plicitly designed into the institutions used
here, but rather arises serendipitously.

V. Discussion

We find that in a model of Tiebout compe-
tition with multiple jurisdictions, some politi-
cal institutions perform better than others by
inducing better agent sorting and thereby gen-
erating higher aggregate utility. Ironically,
these same institutions often perform rela-
tively poorly in a single-jurisdiction model.
The reason for this performance reversal is
that multiple jurisdictions create a system with
multiple equilibria. A minor mistake, which is
harmful in the single-jurisdiction model, may
be beneficial in the multiple-jurisdiction model
since it can dislodge the system from a
relatively bad local optimum, and induce
agents to re-sort themselves into a better
configuration.

Mistakes alone are not sufficient for finding
and maintaining superior equilibria. In the
multiple-jurisdiction model, institutions that
generate high aggregate utility are those that
create less stable platforms only when agents
have locally more heterogeneous preferences.
Since aggregate utility decreases as agent
heterogeneity increases, this systematic insta-
bility induces more agent migration in low-
valued configurations, yet simultaneously
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TABLE 6—FLIPS AS A FUNCTION OF HETEROGENEITY

(50 TRIALS)

Democratic ~ Direct competition Prop. rep.
[ referenda (2 parties) (3 parties)
0.50  0.00 (0.00) 0.24 (0.15) 0.69 (0.38)
0.55  0.00 (0.00) 0.21 (0.16) 0.80 (0.33)
0.60  0.00 (0.00) 0.23 (0.24) 0.80 (0.37)
0.65  0.00 (0.00) 0.26 (0.24) 0.77 (0.40)
0.70  0.00 (0.00) 0.31 (0.37) 0.88 (0.48)
0.75  0.00 (0.00) 0.38 (0.44) 1.01 (0.53)
0.80  0.00 (0.00) 0.53 (0.49) 1.26 (0.55)
0.85  0.00 (0.00) 0.68 (0.73) 1.94 (0.69)
0.90  0.00 (0.00) 1.37 (1.11) 2.84 (0.71)
0.95  0.00 (0.00) 2.65 (1.08) 3.78 (0.62)
1.00  0.00 (0.00) 3.36 (1.12) 4.02 (0.59)

allows the system to settle on high-valued
ones. Such a process is consistent with the an-
nealing argument presented in the previous
section.

There are many simplifying assumptions in
the current model. The parties lack policy pref-
erences, voters are not strategic, and prefer-
ences are assumed to be linearly separable. If
parties have policy preferences, then platforms
may be even less representative than under the
current model. Of course, even with less rep-
resentative platforms, the relevant issue is
whether the correlation of platform changes
with the degree of heterogeneity of prefer-
ences is positive, and we see no reason why
this would not be the case. The introduction of
strategic voting may also influence the results.
Clearly the existence of multiple equilibria and
the complex dynamics in the model greatly
complicate the task of voting strategically, and
even with strategic voting there is no prima
facia reason to suspect that the linkage be-
tween preference heterogeneity and policy in-
stability will be lessened. In fact, this linkage
may even increase for democratic referenda. If
voters believe that they are in a configuration
of low aggregate utility, they may be able to
benefit by misrepresenting their preferences in
order to force policy changes that spur relo-
cations. Finally, experiments using nonlinear
preferences generate similar results to those
reported above.

The idea that decentralized mechanisms can
be used to refine equilibrium outcomes toward
those equilibria with higher aggregate payoff
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has important implications for mechanism de-
sign. Our results indicate that three conditions
help in the effective design of such mecha-
nisms. First, the decentralized mechanism
must be able to acquire information about the
state of aggregate payoff from local informa-
tion. In our model, agent heterogeneity at any
given jurisdiction is a good proxy for the qual-
ity of global sorting. Second, the mechanism
must be able to disrupt global equilibria
through local action. For example, a platform
change at a single jurisdiction might cause suf-
ficient migration to result in a cascade of plat-
form changes at other jurisdictions. Finally,
the decentralized mechanism must link the lo-
cal information to local action in such a way
that as the global system improves, local ac-
tion is dampened. Given these three condi-
tions, a decentralized mechanism can bias the
outcome towards those configurations of
higher aggregate payoff.

The notion that institutions can act as nat-
ural annealing mechanisms may be useful in
understanding the dynamic behavior and per-
formance characteristics of many other sys-
tems. Tiebout models are just one example of
a broad class of phenomena that must ‘‘sort’’
agents among alternative configurations with
multiple equilibria. Other examples include
traders pairing off in markets, laborers finding
jobs, firms choosing production sites or prod-
uct attributes, and individuals forming or-
ganizations. Under decentralized sorting
mechanisms, these systems may get trapped in
suboptimal configurations. If, however, there
are means by which these poor configurations
can be annealed in an appropriate manner, then
the global system can escape these traps and
achieve superior outcomes.
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